CERN-TH.6737/92 
FTUAM/92/40 



A Comment on Duality Transformations and (Discrete) 
Gauge Symmetries in Four-Dimensional Strings 



Luis Ibanez 

Departamento de Fisica Teorica 
Universidad Autonoma de Madrid, 28049 Madrid, Spain 

and 

Dieter Liist 

CERN, Geneva, Switzerland 

Abstract 

We discuss the relationship between target space modular invariance and 
discrete gauge symmetries in four-dimensional orbifold-like strings. First 
we derive the modular transformation properties of various string vertex 
operators of the massless string fields. Then we find that for supersymmet- 
ric compactifications the action of the duality elements, leaving invariant 
the multicritical points, corresponds to a combination of finite Kahler and 
gauge transformations. However, those finite gauge transformations are 
not elements of a remnant discrete gauge symmetry. We suggest that, at 
least in the case of Gepner models corresponding to tensor products of 
identical minimal models, the duality element leaving invariant the mul- 
ticritical point corresponds to the symmetry of any of the minimal 
N = 2 models appearing in the tensor product. 
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In four-dimensional strings, moduli fields in general have non-vanishing charges 
under local gauge symmetries. This implies that parts of the local gauge symmetries 
are spontaneously broken at generic points in moduli space. However usually, a dis- 
crete gauge symmetry survives this spontaneous symmetry breakdown. On the 
other hand, target space duality transformations @, in particular target space modu- 
lar transformations || , act non-trivially on many light four-dimensional string fields. 
Moreover, particular elements of the duality group act with simple, constant phases 
on the fields. Therefore duality symmetries act similarly to discrete symmetries. (We 
will show that they act like i?-symmetries.) The similarities between discrete gauge 
symmetries and some duality symmetries naively suggest considering these duality 
symmetries as just another example of discrete gauge symmetries. However, this 
naive suggestion has to be qualified. For example, it is well known that the massless 
spectrum of orbifold models typically has duality anomalies 0,0, 0,0 whereas the 
enhanced gauge (discrete or continuous) symmetries are anomaly-free (at least for 
(2,2) models). Thus things are not so simple and, although indeed there is a con- 
nection between duality and discrete gauge transformations, the identification is not 
straightforward. 

The intention of this letter is to clarify the relation between target space mod- 
ular transformations, broken gauge symmetries and discrete gauge groups in four- 
dimensional string models. As a specific example we consider the Z3 orbifold ||.* 
However the discussion can be easily extended to other models. 

Let us determine the transformation properties of the vertex operators of various 
fields under target space modular transformations T — > a ^+ d for the Z3 orbifold. 
As explained in |1(J, these transformation rules can be derived from the action of 



the modular transformations on the momentum and winding numbers and from the 
subsequent action on the Narain lattice vectors. Specifically, consider the left (right) 
moving complex coordinate ^l(r) = 1'2,3) which is associated with the I th 2- 
dimensional torus of the Z3 orbifold. For a general PSL(2, Z) transformation one 
finds 



iCjTi H- d{ 



-1/2 



iCiT<i -\- di 
icjTi ~\~ di 



1/2 



(1) 



* For previous discussions on the relation between duality symmetries and broken gauge sym- 
metries in the Z 3 orbifold see [p|,[lOl. 
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where Aj is a Tj-independent phase that depends on the parameters c^di'. e.g. A = 
p = e 27 ™/ 3 for c = d = 1 (ST transformation). 

Next consider the corresponding right-moving world sheet fermions tpR 1 with 
conformal dimension h R = 1/2. Their transformation behaviour can be deduced 
from the requirement |§ that the right-moving world sheet supersymmetry commutes 
with the target space modular transformations. This requirement follows from the 
fact that the action of the right-moving supercurrent connects equivalent (picture- 
changed) physical string states. The right-moving world sheet supercurrent has the 
form 

3 

S R (z) = ^R dX R + r R l dX£){z). (2) 

1=1 

Demanding S R to be invariant under modular transformations, one obtains 

1 V2 



R 1 



A, 



(3) 



For many purposes it is very convenient to bosonize the fermions ij)~R- ^^(z) 
e iH n( z \ Then modular transformations act on the two-dimensional bosons Hi as 



H 



H R {z) -zlogAi 



ic%T% ~~\~ d{ 
iciTi ~\~ di 



1/2 



(4) 



Next consider the bosonic twist field vertex operators a l a . (z, z) of conformal di- 
mension hi, = h R = 1/9. Each twist field vertex is associated with one of the three 
fixed points oli [oli = 1, . . . , 3) of each complex i. The twists fields a ai of different 
fixed points transform into linear combinations under target space modular transfor- 
mations jnj. In addition there is a common field-dependent phase factor, which was 



determined in ref. [12]. In total one gets 



a' 



[z,z 



%CjT i -\- di 
ic^Ti ~t~ di 



1/6 



A, 



(5) 



Specifically for the ST transformation the matrix A has the form 



A 




(6) 
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Now we are ready to examine the modular transformation properties of some 
specific massless string states. First the vertex operator associated with the modulus 
Tj has the form (we will only show the internal parts of the vertex operators) 



(7) 



Thus 4> % T transforms under PSL(2, Z) as 



</>t{z,z) 



%C{T \ -\- di 



•> T [z, z) 



(8) 



Next consider the scalar fields (f>\ 2 whose mass depends on the background param- 
eters Tj. They become massless at the critical point T c = — ie 27ri / 3 . The corresponding 
vertex operators look like 



i* 1>2 (z, z)~V li2 (z,z,TjdX+ i {z); 



(9) 



Vi^iz, z, Tj) is a conformal field that depends on the background Tj (see P|,[p!0| for 
details). Thus they transform as 



tCil \ ~h di 
iCiTi ~\- di 



1 1/2 



(p\ 2 (z,z). 



(10) 



In the untwisted sector of the Z3 orbifold, each complex plane is associated with 
three fields, which transform under the 27 representation of Eq. Their vertex operators 
are obtained by action with the left-moving supercurrent on the vertex operators of 
the moduli T 7 : 



^ 7U (z lZ )^^(z)dX+\z). (11) 

(We left out some part of the vertex operator associated with the gauge group Eq.) 
Thus we obtain that the fields <p% v transform in the same way as the fields <p\ 2 (see 
eq.(10)). 

Next let us consider the fields in the twisted sector of the Z3 orbifold. First we 
have 27 fields, associated with the 27 fixed points of the Z3 orbifold, which transform 
like the 27 representation of Eq. Their vertex operators are built by the product of 
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the three bosonic twist fields a l a . . In addition the twist also acts on the left and right 
moving world sheet fermions. In total one obtains 



( 2 )/3 



(12) 



i=i 



Thus these fields transform as 



[ Qfia 2 a3 (— 
; 27T 



2/3 

i 



i=l 



-iCjTj + dj 
%C\T\ -\- di 



1/3 



Aa 1 l3 1 A a2 i3 2 A a3 [3 3 (fi2jT 2 ^ 3 { z i z ) • (13) 



Finally there are 81 E 6 singlets in the twisted sector. They contain left mov- 
ing twisted oscillators. (Some linear combinations of them, the twisted moduli, are 
obtained by acting with on 027T-) Their vertex operators look like 



t ta>ia> 2 a>3 (— 

'it 



(z, z) ~ e-ofllW/SgiffiOO/SgiffJOO/s^ ( ^ z)< ^ ^k^- z) JJ^W/s, 

(14) 

Here i ^ j ^ k and r* is an excited twist field obtained by the operator product of 
8X~ l and a\ 

Then </> l 1T transforms as 



ittltt2 ° 3 (z,z)iT-A« /3 



iCiTi -\- d{ 
iciTi -\- di 



5/6 



T 2/3 
X 3 



i c jTj + dj 



1/3 



T 2/3 
A /fc 



-ic k T k + d k 
ic k T k + d k 



1/3 



(15) 



^4ai/3i A a2 p 2 A a3 p 3 (j) 



IT \^iZ), 



So far we considered the transformation rules of the scalar components of the 
chiral superfields. To obtain the action of the modular group on the correspond- 
ing space-time fermions, one has to examine the vertex operator of the space-time 
supercharge. Its internal part has the form 

3 

Q{z) ~Y[e- iH *W 2 . (16) 



-A- 



Therefore Q transforms as 

Q(*)-IP£ 

i=l 

Thus we recognize that the fermions get an additional phase under modular trans- 
formations. Therefore target space modular transformations act like an R symmetry. 
From the field theory point of view, we will identify this additional phase as a Kahler 
transformation. 

To summarize this analysis, the modular transformation behaviour of the massless 
string fields has the following form (up to the field-independent phase): 

i=i 

n l s is called the modular weight vector of S . Specifically, comparing with our previous 
results, we have 

(-2/3,-2/3,-2/3) (19) 
(-2/3, -2/3, -2/3) - e t 
(1/2,1/2,1/2). 

(The e*i are the 3-dimensional unit- vectors.) Notice that the above numbers for n 
correspond to the modular weights of massless states discussed in ref. 0. 

Now let us consider the particular element, 7 = ST, of the target space modular 
group acting as T — > i.e. aj = 0, 6j = —1, Cj = di = 1. This transformation 

leaves the critical point T c = — ze 27 ™/ 3 invariant. Moreover, one can find a basis in 
which the ST transformation acts diagonally on particular linear combinations of the 
twist fields of the form ^ Q c Q cr^. Specifically, the ST charges of these particular 
linear combinations of twist fields are given by the eigenvalues of the matrix in eq.(6): 
A' = diag(p, p, p). Thus, at the critical point, all fields transform under the ST 
modular transformation as 

<p s -> e 2 " Q «^ s . (20) 



Q(z) 



(17) 



%CjT 1 ~\- di 
iCiTi -\- di 



(18) 



(fir : n = 

01,2,02717 : H = 

027T : n = 

4>\ T : n = 

Q : n = 
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We call Q l ST the duality charge of each field. With J^T^ 1 = e 47 ™/ 3 one obtains the 
following duality charges: 



(p l T - 


QsT 


= 2/3 


1,2) ^27[/ : 


QsT 


= 2/3 


y>27T ■ 


QsT 


= 


027T : 


QsT 


= 2/3 


(Pit ■ 


QsT 


= 




Q l ST 


= 2/3 



(21) 



On the other hand, all fields are characterized by certain U(l) gauge charges. 
First each complex plane is associated with an enhanced U(l)\ x U(l) 2 gauge group 
which is left unbroken at the critical point Ti = T c . As discussed in refs. |13|] , [[14| , at 



the critical point it is possible to 'rebosonize' those parts of the vertex operators that 
involve the torus coordinates Xf^ % R . In this new, so-called covariant lattice basis the 
left-moving (and also the right-moving) part of the vertex operators of all fields we 
have considered so far can be written as 

Vl(z) ~ l[exp(i(Q\Yi(z) + Q|^(z))Y (22) 
i=i v - 



where Y{ 2 are the covariant lattice coordinates. The conformal dimensions are just 
given by hi = \ Y^l=\ (^(Qi) 2 + (Qh) 2 ^ ■ For example, the left-moving torus coordi- 
nates can be written as idX^(z) = l/v^ exp(±z<3 • Y(z)), where ±<3 are the six 
root vectors of SU(3) with a 2 = 2. The gauge bosons of the enhanced U(l) 6 gauge 
group, which are massless for T = T c , correspond just to dY{ 2 (X)- in the twisted sec- 
tors, the fields with definite U(l) charges just correspond to those linear combinations 
of twist fields, on which ST acts in a diagonal way. 

Let us consider the particular £7(1) 1 subgroup of U(l)\ x {7(1) 2 , with charge 
Qlj^y defined by the following linear combination 

QUd = x g<1 + ^E Q2 - (23) 
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In fact, these charges Q\ and Q\ are just given by the charges that appear in the 
vertex operators eq.(22) in the covariant lattice basis. The various fields have the 
following U(l) gauge charges | fL3| : 



^,<t>\,2- Qi = V2, Q^ = 0, Q{, (1) =2/3 

y/2' Q2 ~ V6 



C2 



a 



,2 



(.3 



Q\ — 7=) Q\ — ^~7=i Q\l(l) ~ ^/S 



27T : Ql — ~ 7=i Q\— 7=> Q\j(l) ~ 2/9 



a/2 

27T • Ql = Q2 = 0' Ql/(1) = — 2/9 

3^2' ^ " V6' 

2 2 

3Vi' q ' = 7h' 



27T ■ Q\ „ pzi Q\— r=i QlJ(l) ~ ^/^ 



17 - Q\ - ~tti=i Q2 - —7=1 Qu(i) - 4 / 9 



IT ■ Vl — 2 5 V2 — u 5 V[f(i 



2-2 



Second each complex plane is associated with a U(l) holonomy charge QhoI- This 
charge is a linear combination of the super conformal U(l) inside E$ and of the two 
Cartan subalgebra U(l)'s of 5*7(3): Q 8U P ercon f = ^J =1 Q^, Q sc/ ( 3 )i = -^(Q^ - 

Qkz)> Q SC/(3)2 = ^(Qki + Qk* " 2<2kz); <9ki is determined by the left-moving 
world sheet fermions if) l L . Specifically, the left-moving fermionic part of the vertex 
operators has the form e l ^ HolHL . Thus we obtain: 



H>\,2 ■ 

'27U ■ 
^27T : 

4>\ T ■ 



QhoI 
QhoI 
QhoI 
QhoI 



Q 



Hoi 






2/3 
2/9 
-4/9. 



(25) 
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Now comparing eqs.(21),(24) and(25), we recognized that the charges obey the 
following relation 

Qst = Qu(i) + QhoI- (26) 

For the fermions, an additional phase is involved. Thus an ST duality transforma- 
tion acts like a linear combination of an enhanced U(l) gauge transformation and 
a U(l) gauge holonomy transformation. Moreover, the ST duality transformation 
acts like an i?-symmetry. Equation (26) becomes clear when the left-moving su- 
percurrent Sl is investigated. It has charges Qu(i) = 2/3, QhoI = —2/3. Specif- 
ically, the vertex operator of Sl in the covariant lattice basis has the form Sl ~ 

Then, the requirement that Qst = for Sl implies eq.(26). 

It is also interesting to consider the overall target space modular transformations, 
i.e. simultaneous transformations on all T{ with a± = a 2 = ^3 etc. With eq.(26) it is 
easy to see that an overall ST transformation acts exactly like a linear combination 
of all U(l) 9 gauge transformations. 

Note that the Z3 orbifold can be equivalently constructed by tensoring together 
nine c = 1, N = 2 superconformal models. Using this method [|15|| , one always con- 
structs the theory at the multicritical point Tj = T c with enhanced U(l) 9 gauge sym- 
metry. In this case, the massless bosonic states of the model may be labelled by giving 
the nine (/-charges of the nine chiral states with (/, q, s) = (1, 1, 0) appearing in the ten- 
sor product. For example (see e.g. ref.||16|l)) the untwisted 27's correspond to charges 

Q2, ,99) = (1,1,1; 0,0,0; 0,0,0), (0, 0, 0; 1, 1, 1; 0, 0, 0), (0, 0, 0; 0, 0, 0; 1, 1, 1),.... 

Twisted 27's correspond to states labelled (1, 0, 0; 1, 0, 0; 1, 0, 0), where the underlining 
indicates permutations. We have grouped the charges in sets of three to explicitly 
show the correspondence of each set of three factors with one complex dimension. The 
symmetry assignments of each massless state with respect to the Zk+2 symmetries 
of the model are obtained by computing the scalar product of vectors of the form 
7 = (71, ....,79) (ji =integers) with the (qi, qg) vectors of each state using a diago- 
nal metric with = —5ij/(k + 2), i,j = 1, 9. In particular, we find that the action 
in the first complex plane of the ST generator on the massless bosonic fields of the Z3 
orbifold (eq.(21)) is identical to the symmetry generated by 7 = (1, 0, 0; 0, 0, 0; 0, 0, 0), 
as the reader may easily check. 
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The above fact suggests that, at least for Gepner models [ffSJ of the type (k = n) m 
(m identical copies of a k = n minimal model), the duality generator that leaves 
invariant the multicritical point corresponds to the Zfc + 2 symmetry generated by 
symmetries of the type 7 = (1, 0, .., 0). 

Now let us discuss the target space modular transformations and their relation 
to the U(l) gauge transformations within the 4-dimensional effective field theory of 
the orbifold compactified heterotic string. The kinetic energies of the moduli T{ and 
the chiral "matter" fields A s are determined by the Kahler potential of the following 
(tree level) form: 



(27) 



i=i 



i=l 



Invariance of the matter kinetic energies under target space modular transformations 
requires that the chiral superfields as well as their bosonic components (we denote 
them by the same symbol A s ) transform like (up to constant matrices and phases): 



(28) 



i=i 



Therefore we call the numbers the modular weights of the matter fields. The 
modular weights nl, i.e. the kinetic energies of the matter fields, were previously 



computed , , |y| by comparing string calculations with the effective Lagrangian, 
and for the matter fields of the Z3 orbifold the result is given in eq.(19). 

The transformation behaviour of the fermionic components of the chiral fields in 
the supergravity Lagrangian follows from the action of the target space modular group 
on the Kahler potential. Specifically K transforms with a Kahler transformation like 



K 



K + A + A, K = s ^(ic l T i + d l 



(29) 



i=l 



Then it follows |19| that the fermions ipA s transform with an additional Kahler phase 
as 

-1/4 



: (A-A) 



{idTi + d i )<^ Aa 



(30) 
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Likewise, the gauginos ip\ transform as 

1/4 



A 



1>x. (31) 



It is now easy to show that the transformation rules of the fields A s in the 
supergravity Lagrangian agree with the rules we have obtained in the string theory 
by examining the corresponding vertex operators. In the string basis, the fields S 
are represented by vertex operators, which create normalized states with canonical 
kinetic energies. Therefore to relate the string fields with the supergravity fields, one 
has to perform the following non-holomorphic field redefinition (except for the moduli 
fields T h see [[TOf): 

3 

<f>s = l[(T l + T l )</ 2 A s . (32) 

i=l 

Then, using eq.(28), we immediately obtain the correct field-dependent phase eq.(18) 
of the string vertex operators. Moreover, the string theory also provides the in- 
formation about the field-independent phases and matrices, which cannot be ob- 
tained by considering the effective supergravity Lagrangian. Analogously, the Kahler 
phase e^ A-A ) just corresponds to the non-trivial modular transformation behaviour, 
eq.(17), of the space-time supercharge in the string basis. 

Let us now show that also within the effective supergravity Lagrangian, the ST- 
modular transformations act like a linear combination of field-independent U(l) gauge 
transformations plus, for the fermions, a constant Kahler phase on the chiral fields. 
To achieve this, one has to perform a field redefinition to a new supergravity field 
basis, which allows to couple the charged chiral fields to the U(l) vector gauge fields. 
Specifically, for the moduli fields Ti one has to perform the following holomorphic field 
redefinition ||10|| : 

~ = rp = _ 2 „i/3 (33) 

T c + T V ' 

Then Ti transforms under the ST transformation Ti — > — ^ as 

Ti e 47ri/3 f,. (34) 

Thus Ti transforms under ST exactly like the vertex operator at the critical point 
T c , i.e. ST acts on Ti like a U(l) gauge transformation. In fact in the literature about 
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modular functions (see e.g. ||20|| ) the variable Tf is nothing else than the uniformizing 
variable around the elliptic fixed point T c = —ie 2l7r ^ 3 of the element 7 = ST. In 
general, the uniformizing variables are conveniently used to expand meromorphic 
functions F around the fixed points of modular transformations. A function F is 
single valued if it can be expressed in terms of integer powers of Tf. This is the 
so-called uniformization. 

Similarly, the matter fields have to be redefined as follows 



A 



s 



T c + T c 



T c + T 



A s . (35) 



Then the matter fields transform under ST with a constant phase like displayed in 
eqs.(20) and (21). For the fermions similar field redefinitions can be performed and 
one obtains that the fermions transform with an additional constant phase, which 
shows that ST acts like an i?-symmetry in the supergravity Lagrangian. 

The Kahler potential in the new field basis has the following form: 

3 3 
K = -£>g(l _ |f,| 2 ) + J](l - If.l 2 )^!,! 2 . (36) 

Note that in this field basis the Kahler gauge function is a purely imaginary number, 
A = — 4i7r/3. Therefore ST does not act on K. 

It is obvious that the Lagrangian can now be made locally gauge invari- 
ant under the U(l) 9 gauge symmetry by the gauge covariant replacement A s — > 
A s expQ^ a= i QsVa) (here A s also includes T^), where V a are the U(l) 9 vector fields 
and the are the corresponding charges. Since the moduli fields are charged under 
U{1)\ x U(l) l 2 (see eq.(24)), non-vanishing vacuum expectation values of these fields 
spontaneously break these £7(1) symmetries, and the corresponding gauge bosons 
become massive. (See refs.||,[|lO[ for details). (Non- vanishing vacuum expectation 
values of twisted moduli also break the two further £7(1) 's, which are linear com- 
binations of U(l) l Hol . Moreover, in general there are also moduli that are charged 
under Eq.) However an inspection of the £7(1) charges of the various fields shows that 
U(l)\ x £7(1)| is not broken completely, but the Lagrangian is still invariant under a 
discrete gauge symmetry Z3 x Z3. Consider for example the group U(l) 1 defined by 
eq.(23), with charges as displayed in eq.(24). Since all untwisted fields, including the 
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symmetry-breaking field Tj, have charge 2/3, whereas all twisted fields have charges 
of units 1/9, a discrete Z3 symmetry remains unbroken. Untwisted fields are neutral 
under this discrete gauge symmetry, whereas twisted fields have Z3 charges 1/3, 2/3. 
This result has to be compared with the discrete Z 3 group generated by the modular 
element ST. Looking at the ST charges of all fields, eq.(21), we see that the ST 
discrete group cannot be identified with the discrete gauge group discussed above, since 
the symmetry-breaking field T is not inert under ST. 

Finally let us mention the interesting possibility ]21[] that the discrete gauge 
groups are anomalous. In this case the corresponding anomaly of the underlying 
£7(1) must be cancelled by the Green-Schwarz mechanism, i.e. by a non-trivial gauge 
transformation of the universal axion field. Similarly target space duality transforma- 
tions, which involve an additional Kahler phase for the fermions, may be anomalous 
[0 ' ' ' ■ Then the axion transforms non-trivially under modular transformations. 
However note that there is no direct relationship between anomalous discrete gauge 
symmetries [^T[ and anomalous target space modular transformations [|J , || , || , [0 • 
In fact, for the Z3 orbifold, looking at the massless spectrum target space modular 
transformations are anomalous, whereas the enhanced U(l) symmetries and thus the 
discrete gauge symmetries are anomaly-free. 



We thank S. Ferrara and J. Louis for useful discussions. The work of D.L. was 
performed Heisenberg fellow. 
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